The dynamics of the second order rational difference equation z n+1 = α + αz n + βz n−1 1 + z n with complex parameters α, β and arbitrary complex initial conditions is investigated. The same difference equation is well studied with positive real parameters and initial values and one of the main results on trichotomy of parameters is revisited in the complex set-up and the similar result is found to be true. In addition, the chaotic solutions of the equation is fetched out in the complex set-up which was absent in the real scenario.
Introduction and Background
Consider the equation z n+1 = α + αz n + βz n−1 1 + z n , n = 0, 1, 2, . . .
where the parameters α and β and the initial conditions z −1 and z 0 are arbitrary complex numbers.
This second order rational difference equation Eq.(1) is studied when the parameters α and β a real number and the initial conditions are non-negative real numbers in [1] , [5] & [2] . In this present article it is an attempt to understand the dynamics by means of local asymptotic stability of equilibriums, periodicity, chaoticity of trajectories in the complex plane.
In the real parameters and initial values, the main result on trichotomy character on the parameters is given below. It is noted that α and β and the initial values are positive real numbers [6] .
Local Asymptotic Stability of the Equilibriums
In this section, the local stability character of the equilibria of Eq.(1) is established [4] .
Local Asymptotic Stability of
The equilibrium points of Eq.(1) are the solutions of the quadratic equation
Note that if α = 0,z ± = 0 and α + β − 1 are two equilibriums of the equation Eq.(1).
The Eq.(1) has the two equilibria pointsz 1,2 = 1 2 −1 + α + β − 1 + 2α + α 2 − 2β + 2αβ + β 2 and 1 2 −1 + α + β + 1 + 2α + α 2 − 2β + 2αβ + β 2 respectively when α = 0. The linearized equation of the rational difference equation Eq.(1) with respect to the equilibrium pointz 1 
with associated characteristic equation
By the Clark's theorem, the equilibriumz 1 = 1 2 −1 + α + β − 1 + 2α + α 2 − 2β + 2αβ + β 2 is locally asymptotically stable if the sum of the modulus of two coefficients of the characteristic equation Eq. (3) is less than 1. Therefore the condition for local asymptotic stability of the equilibrium would be
It is noted that that the conditional inequality for local asymptotic stability of the equilibrium attains maximum 19.7392 at α = 0.93601 − −0.293238i and β = −0.00195532 − 0.211385i. Also the minimum value attain by the inequality is 1.28533 at α = 0.86278 + 0.446302i and β = −0.0309069 + 0.749819i.
This numerical result suggests that there does not exist any α and β so that the inequality holds. Therefore the equilibriumz 1 = 1
The linearized equation of the rational difference equation Eq.(1) with respect to the equilibrium point
Proof. Proof the theorem follows from the Clark's theorem of local asymptotic stability of the equilibriums. Hence by Clark's theorem, the condition for the local asymptotic stability would be
It is noted that that the conditional inequality for local asymptotic stability of the equilibrium attains maximum 2.69519 at α = −0.86278 + 0.446302i and β = −0.0309069 + 0.749819i. Also the minimum value attain by the inequality is (3.211 × 10 −6 ) which is approximately 0 at α = 1 − (6.4974 × 10 −8 ) and β = (−3.02771 × 10 −6 ) − (3.02772 × 10 −6 ).
This numerical observation assures that there exist α and β such that the inequality given in Theorem 2.1 condition holds good.
Local Asymptotic Stability in the case α = β
When two parameters α and β are equal then the difference equation Eq.(1) would reduce to
The equilibriums z ± of the equation Eq.(6) are
In the similar fashion as we did in the above case in section 2.1, the equilibrium z + =
But it is seen as before numerically that the minimum value attain by the inequality is greater than 1. Therefore there does not exist an α so that the inequality does hold. So the equilibrium
It is observed numerically that the maximum value of the inequality is 1.15792 for α = −0.535769 + −0.13703i and the minimum value is 4 × 10 −6 (close to zero) for α approximately equal to zero. This ensures that there exists α such that the inequality does hold good. So the local asymptotic stability at the z − = 1
Here are few example cases for the local asymptotic stability of the equilibriums of the Eq.(6).
In the equation Eq. (6), for α = β = 1 + i, the equilibriums are 
In Eq. (6), when the parameters α and β both equal and equal to 1 + i, then for the equilibrium 
Boundedness and Unbounded Solutions
Here problem is to determine an open ball B(0, ) ∈ C such that if z n ∈ B(0, ) and z n−1 ∈ B(0, ) then z n+1 ∈ B(0, ) for all n ≥ 0. 1). Let > 0 be any arbitrary real number. Consider z n , z n−1 ∈ B(0, ). We need to find out an such that z n+1 ∈ B(0, ) for all n. It is follows from the Eq.(1) that for any > 0, using Triangle inequality for
In order to ensure that |z n+1 | < , it is required to be
That is |α| + |β| ≤ 1 − − |α| . Hence it is proved.
In contrast, we found many parameters α and β where the solutions are unbounded for any initial values. A brief list is given in the following Table 1 . Here in the Table 1 , the condition |β| > |α + 1| is satisfied for all the ten cases. Therefore it is verified numerically that the similar result to the real set up in the case of unboundedness of solutions of the equation Eq.(1) in the complex set-up is followed also. The following figure includes the orbit plots of the four unbounded solutions of the Eq.(1) for which the parameters are given in the Table 1 in four rows from the serial number 1 to 4. In the Fig. 1 , the unbounded solution for the specified α, β with any 100 initial values (one initial value for Serial-1) are plotted. It is seen that all the solutions in these four cases are unbounded.
Serial Number

Periodic of Solutions
We shall first look for the prime period two solutions of the three difference equation Therefore the solution of the difference equation Eq.(1) converges to the periodic solution of period 2 in the case of β = α + 1 that is |β| = |α + 1| is holding well which was exactly same condition in the case of real parameters.
Let us now establish the fact by proving the following theorem. Keeping in mind the equation Eq. (7) we set
for n > 0.
The following identities are holding well for n > 0
and for n ≥ 1
and therefore, for all n ≥ 1
From 8, it is seen that J n remains constant along each solution and so it is now following from 9 that for each solution {z n } n of the equation Eq.(1) , exactly one of the following two conditions would be true.
Either
If the the either condition holds then the proof is immediate. If the other condition holds, then solution would converges to the period 2 solutions provided the solution is bounded. Hence the theorem is proved.
For 100 different initial values and for different parameters, solutions are generated and corresponding periodic plot of 50 iterations are plotted in the Fig.2 . Different colors exhibits different periodic trajectories. From the figure it is evident that all 100 solutions are periodic and of period 2. This observation led to make the following conjecture which is a result in the case of real parameters and initial values. It is observed that for any initial values and for the parameters α = (89, 55) and β = (32, 90) all solutions are periodic and of period 13. The corresponding sequence trajectory and complex phase space plots are given in Fig. 3 . The condition |β| < |α + 1| is satisfied for all the cases in the Table 3 . This confirms that the similar result in the context of real parameters and initial values is holding well in the complex set-up too. Here we consider 100 different initial values with the specified parameters α = (89, 55) and β = (32, 90) and it is seen that all the solutions are periodic and of period 13. Different colors represent different trajectories(orbit) for different initial values in Fig.3 .
The periodic trajectory and its corresponding orbit of period 36 are given in the Fig.4 for the parameters α = 0.2776 + 0.65251i, β = α − 1. The chaotic trajectory plots including corresponding complex plots are given the following Fig. 6 . Figure 6 : Chaotic Trajectories of the equation Eq.(1) of the first row parameters as stated in Table 4 .
Chaotic Solutions
In the Fig. 6 , for each of the four cases ten different initial values are taken and plotted in the left and in the right corresponding complex plots are given. From the Fig. 6 , it is evident that for the four different cases the basin of the chaotic attractor is neighbourhood of the centre (0, 0) of complex plane.
In all the seven example cases in the Table 4 , it is seen that the condition |α + 1| > |β| is satisfied. based on this observation, the following conjectures has been made. Table 4 .
The chaotic trajectory of the parameters of the last row from top of the Table 4 is given in the Fig.  7 . It is to be noted that the for the nine different number of iterations, trajectories are plotted. Each trajectory looks like a self similar fractal. But eventually over iterations the trajectory becomes chaotic.
